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We investigate the possibility of spontaneous scalarization of static, spherically symmetric, and
asymptotically flat black holes (BHs) in the Horndeski theory. Spontaneous scalarization of BHs is
a phenomenon that the scalar field spontaneously obtains a nontrivial profile in the vicinity of the
event horizon via the nonminimal couplings and eventually the BH possesses a scalar charge. In
the theory in which spontaneous scalarization takes place, the Schwarzschild solution with a trivial
profile of the scalar field exhibits a tachyonic instability in the vicinity of the event horizon, and
evolves into a hairy BH solution. Our analysis will extend the previous studies about the Einstein-
scalar-Gauss-Bonnet (GB) theory to other classes of the Horndeski theory. First, we clarify the
conditions for the existence of the vanishing scalar field solution φ = 0 on top of the Schwarzschild
spacetime, and we apply them to each individual generalized galileon coupling. For each coupling,
we choose the coupling function with minimal power of φ and X := −(1/2)gµν∂µφ∂νφ that satisfies
the above condition, which leaves nonzero and finite imprints in the radial perturbation of the scalar
field. Second, we investigate the radial perturbation of the scalar field about the φ = 0 solution
on top of the Schwarzschild spacetime. While each individual generalized galileon coupling except
for a generalized quartic coupling does not satisfy the hyperbolicity condition or realize a tachyonic
instability of the Schwarzschild spacetime by itself, a generalized quartic coupling can realize it
in the intermediate length scales outside the event horizon. Finally, we investigate a model with
generalized quartic and quintic galileon couplings, which includes the Einstein-scalar-GB theory as
the special case, and show that as one increases the relative contribution of the generalized quartic
galileon term the effective potential for the radial perturbation develops a negative region in the
vicinity of the event horizon without violation of hyperbolicity, leading to a pure imaginary mode(s)
and hence a tachyonic instability of the Schwarzschild solution.
I. INTRODUCTION
Although scalar-tensor theories have been popular for a long time, in the recent years, these theories have attracted
renewed interest from different aspects. The first direction of recent studies is the extension of the known scalar-tensor
theories to a more general framework. For a long time, there has been the belief that scalar-tensor theories with higher
order derivative interactions suffer instabilities due to the presence of Ostrogradsky ghosts. Although generically
this remains true, recent studies have revealed several new classes of scalar-tensor theories with higher derivative
interactions that still possess only 2 + 1 degrees of freedom, namely two gravitational wave (GW) polarizations
and one scalar mode, and hence do not suffer an Ostrogradsky instability. In the first class of such theories, the
equations of motion remain of the second order by the antisymmetrization of higher derivatives interactions in the
Lagrangian. While this class of the scalar-tensor theory was constructed by Horndeski a long time ago [1], the same
theory was rediscovered very recently with the different representation in Refs. [2, 3]. We call this class of the
scalar-tensor theory the Horndeski theory, which contains four free functions of the scalar field φ and the canonical
kinetic term X = −(1/2)gµν∂µφ∂νφ. After the rediscovery of the Horndeski theory, it has been noticed that even
if the equations of motion contain higher order time derivatives, it is still possible to keep the 2 + 1 degrees of
freedom by imposing the certain degeneracy conditions. The existence of scalar-tensor theories beyond Horndeski was
initially recognized via the disformal transformation of the Horndeski theory [4]. Such theories are currently known
as Gleyzes-Langlois-Piazza-Vernizzi (GLPV) [5] and degenerate higher-order scalar-tensor (DHOST) theories [6–9].
Studies in this direction still leave some room for further extension. Since some of these theories are directly related
to the Horndeski theory via disformal transformation [10], studies of gravitational aspects of the Horndeski theory
will provide us direct implications for more general higher derivative scalar-tensor theories.
The other important direction of studies of scalar-tensor theories is their application to issues in cosmology and
black hole (BH) physics. While applications to cosmology have been argued in most studies [11], BHs or relativistic
stars are also very important and intriguing subjects for testing the new classes of scalar-tensor theories in strong field
regimes in light of the forthcoming GW astronomy [12]. In this paper, we will study the possibility of spontaneous
scalarization of BHs in the context of the Horndeski theory.
Spontaneous scalarization is a phenomenon which is caused by a tachyonic instability of a metric solution in general
relativity (GR) with a constant profile of the scalar field, via couplings of the scalar field to the scalar invariants
composed of the metric, its derivatives, and matter fields f(φ)I(gµν ; Ψ), where gµν is the metric tensor and Ψ
represents matter fields. As the consequence of a tachyonic instability, the scalar field obtains the nontrivial profile,
2φ = φ(xµ), and the BH possesses a scalar charge. Although spontaneous scalarization may be potentially relevant
for any metric solution in GR, it would be exhibited most efficiently in/around BHs and relativistic compact stars.
The most famous example of spontaneous scalarization is that of compact stars induced by the coupling to matter
fields with extremely high density and pressure [13–16]. Spontaneous scalarization can also be caused for BHs via
the coupling to the Gauss-Bonnet (GB) term f(φ)(R2 − 4RαβRαβ + R2) [17–23] and to the electromagnetic terms
[24–26]. Since relativistic stars and BHs of the theory in which spontaneous scalarization takes place can be different
from those in GR, these theories can be distinguished from GR by several astrophysical observations.
Recalling that the Einstein-scalar-GB theory is a class of the Horndeski theory, a natural and interesting question
is whether spontaneous scalarization of a BH can be caused in another class of the Horndeski theory. While it would
be difficult to construct fully backreacted scalarized BH solutions, we will study whether the constant scalar solution
φ = 0 on top of the Schwarzschild spacetime exists in another class of the Horndeski theory, and if it exists, whether
it exhibits a tachyonic instability against the radial perturbation. For simplicity, for the radial stability analysis, we
will focus on the scalar field perturbation, by neglecting the metric perturbations. Our analysis will reveal that in
contrast to the naive expectation the existence of the φ = 0 solution on top of the Schwarzschild spacetime and its
radial stability crucially depend on the class of the Horndeski theory.
This paper is constructed as follows. In Sec. II, we will review the Horndeski theory and the properties of the
Schwarzschild solution with a constant scalar field φ = 0. In Sec. III, for each individual generalized galileon coupling
in the Horndeski theory, we will clarify the conditions for the existence of the constant scalar field φ = 0 on top of the
Schwarzschild spacetime. We then choose the coupling functions with the minimal powers of φ and X that satisfy the
above conditions, which leave nonzero and finite imprints in the linear perturbations. In Sec. IV, focusing on each
individual generalized galileon coupling specified in Sec. III, we will check the existence of the φ = 0 solution, and
the possibility of a tachyonic instability without violation of hyperbolicity of the radial perturbation. In Sec. V, we
will closely investigate the model composed of G4 and G5 which includes the Einstein-scalar-GB theory as the special
limit. In Sec. VI, we will close the paper after giving the brief summary and conclusion.
II. THE HORNDESKI THEORY AND THE SCHWARZSCHILD SOLUTION
A. The Horndeski theory
In this paper, we consider the Horndeski theory
S =
M2p
2
∫
d4xL, (1)
with the Lagrangian density
L√−g = R+ αX +G2(φ,X)−G3(φ,X)φ+G4(φ,X)R +G4X
[
(φ)2 − (∇µ∇νφ)2
]
+ G5(φ,X)Gµν∇µ∇νφ− 1
6
G5X
[
(φ)3 − 3φ(∇µ∇νφ)2 + 2(∇µ∇νφ)3
]
, (2)
where the indices µ, ν, · · · run the four-dimensional spacetime; gµν is the metric tensor; g := det(gµν) is its de-
terminant; R and Gµν are the Ricci scalar and Einstein tensor associated with the metric gµν ; φ is the scalar
field, X := −(1/2)gµν∂µφ∂νφ is the canonical kinetic term; (∇µ∇νφ)2 := (∇µ∇νφ)(∇µ∇νφ); (∇µ∇νφ)3 :=
(∇µ∇νφ)(∇ν∇αφ)(∇α∇µφ); Gi(φ,X)’s (i = 2, 3, 4, 5) are free functions of φ and X ; and GiX := ∂Gi/∂X
(i = 2, 3, 4, 5). The Horndeski theory known as the most general scalar-tensor theory with the second order equations
of motion was originally formulated in Ref. [1] and more recently reorganized into the form of Eq. (2) in Refs. [2, 3]
mainly for cosmological applications.
We will further assume that each generalized galileon coupling function in Eq. (2) is given by
G2(φ,X) = f2(φ)g2(X)− V (φ), (3)
G3(φ,X) = f3(φ)g3(X), (4)
G4(φ,X) = f4(φ)g4(X), (5)
G5(φ,X) = f5(φ)g5(X), (6)
with fi(φ) and gi(X) (i = 2, 3, 4, 5) being functions of φ andX , respectively, and V (φ) being the potential. Throughout
this paper, we will assume that α > 0, so that the ordinary kinetic term takes the correct sign.
3B. Scalar field on top of the Schwarzschild spacetime
We consider the general form of the metric for a static and spherically symmetric spacetime
ds2 = gµνdx
µdxν = −A(r)dt2 + dr
2
B(r)
+ r2
(
dθ2 + sin2 θdϕ2
)
, (7)
where r is the radial coordinate, t is the time coordinate, and (θ, ϕ) are coordinates for the unit two-sphere. We
also assume that the scalar field depends on r and t, φ = φ(r, t). We substitute them into the action (1) with the
Lagrangian density (2).
Varying it with respect to the variables ψ(= A,B) and φ, respectively, we obtain the equations of motion:
0 = Eψ = ∂L
∂ψ
− ∂
∂r
(
∂L
∂ψ′
)
+
∂2
∂r2
(
∂L
∂ψ′′
)
, (8)
0 = Eφ = ∂L
∂φ
−
[
∂
∂r
(
∂L
∂φ′
)
+
∂
∂t
(
∂L
∂φ˙
)]
+
[
∂2
∂r2
(
∂L
∂φ′′
)
+
∂2
∂r∂t
(
∂L
∂φ˙′
)
+
∂2
∂t2
(
∂L
∂φ¨
)]
, (9)
where a prime and a dot denote the derivatives with respect to r and t, respectively. We decompose the scalar field
φ into the background part φ0(r) and the test field part φ1 on top of it:
φ = φ0(r) + ǫφ1(r, t), (10)
where ǫ≪ 1 is the bookkeeping parameter for the perturbation around a static solution. Since we focus on the radial
perturbation with the multipole index ℓ = 0, φ1 only depends on r and t.
By expanding Eψ and Eφ in terms of ǫ, the background solution for A, B, and φ0(r) can be obtained from the
O(ǫ0) part of EA = 0, EB = 0, and Eφ = 0. On top of the background solution, the test scalar field solution φ1 can
be found from the O(ǫ1) part of Eφ = 0. We would like to emphasize that starting with the metric (7) does not lose
the generality of our analysis at all. If the scalar field is time dependent, in general the variation of the action (1)
with respect to the (t, r) component of the metric gives rise to an independent component of the equations of motion
[27]. However, since we are only interested in the background solution of the static metric and then at O(ǫ0) the
scalar field is static φ = φ0(r), the equation of motion obtained from the variation of the action with respect to the
(t, r) component of the metric is trivially satisfied at O(ǫ0). Thus, setting the (t, r) component of the metric to zero
before varying the action does not lose the generality of our analysis at all. Similarly, without loss of generality, we
can also fix the angular component of the metric as in Eq. (7) from the beginning, since at O(ǫ0) the equation of
motion obtained from the variation of the action (1) with respect to this component is not independent from the other
components of the background equations, i.e., EA = 0, EB = 0, and Eφ = 0 at O(ǫ0). Thus, at O(ǫ0) Eqs. (8) and (9)
provide the independent and complete set of the equations to determine the background solutions.
We assume the background of the Schwarzschild spacetime:
A(r) = B(r) = 1− 2M
r
, (11)
where M > 0 is mass, while for the moment the background scalar field φ = φ0(r) can take a nontrivial profile. In
our analysis, we will neglect the metric perturbations. In the ordinary scalar-tensor and Einstein-scalar-GB theories,
even if we take the metric perturbations into consideration, on the background of the Schwarzschild spacetime and
the constant scalar field the master equation for the radial perturbation reduces to the same equation as the scalar
field equation of motion in the test field analysis [22]. Thus, we expect that in the generic Horndeski theories on the
background of the constant scalar field φ0 = const the scalar field and metric perturbations would be decoupled, and
neglecting the metric perturbations would not modify the causal properties and the effective potential of the scalar
field perturbation at least qualitatively. We will also mention this in more detail in Sec. VI.
We expand the gravitational equations of motion EA = 0 and EB = 0 up to O(ǫ0), and the scalar field equation
of motion Eφ = 0 up to O(ǫ1). At O(ǫ0), we will check whether the constant scalar field φ0(r) = 0 can satisfy all
the equations of motion; *1 more precisely, the sufficient condition for the existence of the φ0 = 0 solution on top of
the Schwarzschild solution spacetime is whether the O(ǫ0) part of the equations of motion can be satisfied when the
*1 The value of the scalar field may not be φ0 = 0, but any constant field value can be made to φ0 = 0 via the redefinition of the field
with a constant shift.
4limits of φ0 → 0, φ,r˜ → 0, and φ0,r˜r˜ → 0 are taken simultaneously and independently, where we have defined the
proper length in the radial direction
r˜ :=
∫
dr√
1− 2Mr
, (12)
and φ0,r˜ := ∂φ0/∂r˜. We note that φ
′
0(r) and φ
′′
0 (r) are not coordinate invariant and for the proper measure of the
derivatives those with respect to r˜ are employed. We also note that the O(ǫ0) part of the kinetic term X (denoted
by X0) is given by
X0(r) := −B(r)
2
φ′0(r)
2 = −r − 2M
2r
φ′0(r)
2 = −1
2
φ20,r˜ . (13)
On top of the Schwarzschild spacetime, the perturbation φ1(r, t) satisfies the O(ǫ) part of the scalar field equation
of motion Eφ = 0, which is given in the form of
−ρ1φ¨1 + ρ2φ′′1 + ρ3φ′1 + ρ4φ1 = 0, (14)
where the coefficients ρi (i = 1, 2, 3, 4) are determined by the background Schwarzschild metric, the scalar field φ0(r),
and its derivatives, φ′0(r) and φ
′′
0 (r).
*2 Assuming the separable ansatz
φ1(r, t) = e
−iωtC˜(r)Ψ(r), (15)
where the constant ω denotes the frequency and the function C˜ is given by
ln C˜ :=
∫
dr
(
M
r(r − 2M) −
ρ3
2ρ2
)
, (16)
the radial part of Eq. (14) can be rewritten in the form of the Schro¨dinger-type equation [22][
− d
2
dr2∗
+ Ueff(r)
]
Ψ(r) = ω2ρ5(r)Ψ(r), (17)
where we have introduced the tortoise coordinate dr∗ := dr/(1− 2M/r), with the effective potential
Ueff(r) :=
(
1− 2M
r
)2{
−M(2r − 3M)
r2(r − 2M)2 −
1
2
(
ρ3
ρ2
)′
− ρ
2
3
4ρ22
+
ρ4
ρ2
}
, (18)
and
ρ5(r) :=
(
1− 2M
r
)2
ρ1
ρ2
. (19)
As we will see later, in the coefficients ρi’s in Eq. (14), especially in ρ1, the ratios such as φ
′′
0 (r)/φ
′
0(r) and φ0(r)/φ
′
0(r)
appear, which become ambiguous when the limits of φ0(r) → 0, φ0,r˜(r) → 0, and φ0,r˜r˜(r) → 0 are taken simultane-
ously.
To circumvent this issue, first, we will solve the O(ǫ0) part of Eφ = 0. In the models which will be finally obtained
in Sec. III and discussed in Sec. IV, the O(ǫ0) part of Eφ = 0 will reduce to a linear differential equation for φ0(r). We
will solve it under the regularity boundary conditions at the event horizon, i.e., |φ0(2M)| <∞ and |φ0,r˜(2M)| <∞.
The solution to this equation can be schematically written as
φ0(r) = C0ζ0(r), (20)
where C0 is an integration constant and ζ0(r) is a function of r. The φ0(r) = 0 solution can be obtained after taking
the limit of C0 → 0. But if there is the case that ζ0(r) or their derivatives with respect to the proper length r˜ diverge
at some r > 2M , it is subtle whether the φ0 = 0 solution exists, since φ0 may remain nonzero at this point in the
limit of C0 → 0. Thus, in order to ensure the existence of the φ0 = 0 solution in the limit of C0 → 0, furthermore,
*2 We note that since Eq. (14) is the linear differential equation for φ1, there is an ambiguity about the rescalings of ρi’s (i = 1, 2, 3, 4)
by a common factor Q(r), such as ρi(r) → Q(r)ρi(r). This ambiguity is not relevant for Ueff (r) and ρ5(r) defined below, since they are
fixed only by the ratios of two different ρi’s.
5we have to impose that ζ0 and its derivatives are regular and finite everywhere outside the event horizon r > 2M ,
namely |ζ0(r)| <∞, |ζ0,r˜| <∞, |ζ0,r˜r˜| <∞, and ζ′0(r) never crosses 0 outside the event horizon r > 2M . The ratios
φ0(r)/φ
′
0(r) and φ
′′
0(r)/φ
′
0(r) in the limit of the φ0(r) = 0 solution can be calculated by taking the limit of C0 → 0
after calculating ρi’s (i = 1, 2, 3, 4, 5).
Hyperbolicity of Eq. (17) is then ensured if
ρ5 > 0, (21)
everywhere outside the event horizon r > 2M . In most cases, the ratios as φ′′0 (r)/φ
′
0(r) and φ0(r)/φ
′
0(r) appear only
in ρ1, which does not affect Ueff(r) given in Eq. (18). On the other hand, ρ5 given in Eq. (21) contains the above
ratios, and hence the hyperbolicity depends on the background solution φ0(r).
As the amplitude of the scalar field perturbation grows, at some moment the test scalar field analysis would
break down and the backreaction to the spacetime geometry would no longer be negligible. In the models with the
canonical ordinary term αX in Eq. (2), nonlinearities of the perturbations cannot be neglected, when the effective
energy-momentum tensor of the backreaction δTµν ∼ ∂µφ1∂νφ1 (by setting ǫ = α = 1) becomes comparable to the
background curvature M/r3, namely, when φ1 ∼
√
M/r, which becomes of O(1) in the vicinity of the event horizon
r = 2M .
In addition, since we focus on the radial perturbation with the multipole index ℓ = 0, from our analysis it will not
be clear whether the perturbation modes with higher multipole indices ℓ ≥ 1 also become unstable or not. Since the
effective potential for a mode with a higher multipole index ℓ ≥ 1 is given by adding the positive contribution to
the one for the radial perturbation (18), the instability may not be caused for the perturbation modes with higher
multipole indices ℓ ≥ 1, even if it is caused for the radial perturbation. For the modes with higher multipole indices
ℓ ≥ 2, the scalar field perturbation is also coupled to the gravitational wave perturbations [28–31]. If the radial
perturbation is unstable while the ones with higher multipole indices are stable, no gravitational wave polarizations
would be excited. On the other hand, if the higher modes with higher multipole indices also become unstable, the
gravitational wave polarizations would also be excited.
C. Special cases
Before going to the main analysis, we review the φ0 = 0 solution on top of the Schwarzschild spacetime in a few
special classes of the Horndeski theory.
1. The Einstein-scalar theory with a potential
The simplest example is the case of the Einstein-scalar theory with a potential:
L√−g = R+ αX − V (φ), (22)
which is equivalent to the Horndeski theory Eq. (2) [3] with
G2 = −V (φ), G3 = G4 = G5 = 0. (23)
The theory (22) admits the Schwarzschild metric (11) and the constant scalar field φ0 = 0 as a solution, if V (0) = 0
and Vφ(0) = 0, where Vφ := ∂V/∂φ and so on. The general model satisfying this requirement is given by
V (φ) =
1
2
µ2φ2 +
∞∑
n=3
vnφ
n, (24)
where µ and vn (n = 3, 4, 5, · · · ) are constants. The coefficients ρis in Eq. (14) are given by
ρ1 =
αr3
r − 2M , ρ2 = αr(r − 2M), ρ3 = 2α(r −M), ρ4 = −r
2Vφφ(0), ρ5 = 1, (25)
where ρ1 > 0 and ρ2 > 0 for α > 0. The effective potential for the radial perturbation (18) is given by
Ueff(r) =
2M
r4
(r − 2M)
[
1 +
r3Vφφ(0)
2Mα
]
. (26)
6For the positive effective mass Vφφ(0) > 0, Ueff(r) is non-negative and hence the Schwarzschild solution is linearly
stable against the radial perturbation. On the other hand, for Vφφ(0) < 0, Ueff(r) becomes negative in the region
far away from the event horizon r ≫ 2M , suggesting a tachyonic instability of the global Minkowski vacuum. We
emphasize that such an instability has nothing to do with spontaneous scalarization, since it should be caused by an
ω2 < 0 mode which is trapped mostly in the vicinity of the event horizon and affects only the BH and its vicinity.
2. The Einstein-scalar-GB theory
The well-studied example of spontaneous scalarization in BH spacetime is the case of the Einstein-scalar-GB theory:
L√−g = R+ αX + f(φ)
(
R2 − 4RρσRρσ +RαβρσRαβρσ
)
, (27)
which is equivalent to the Horndeski theory Eq. (2) [3] with
G2 = 8fφφφφ(φ)X
2(3 − lnX),
G3 = 4fφφφ(φ)X(7 − 3 lnX),
G4 = 4fφφ(φ)X(2 − lnX),
G5 = −4fφ(φ) lnX, (28)
where fφ := ∂f/∂φ and so on. This theory admits the Schwarzschild metric (11) and φ0 = 0 as a solution, if
fφ(0) = 0 [17–23]. The general model satisfying this requirement is given by
f(φ) =
η
8
φ2 +
∞∑
n=3
fnφ
n, (29)
where η and fn (n = 3, 4, 5, · · · ) are constants. On this solution, the coefficients ρis in Eq. (14) are given by
ρ1 =
αr3
r − 2M , ρ2 = αr(r − 2M), ρ3 = 2α(r −M), ρ4 =
48M2fφφ(0)
r4
, ρ5 = 1, (30)
where ρ1 > 0 and ρ2 > 0 for α > 0. The effective potential for the radial perturbation is given by
Ueff(r) =
2M
r4
(r − 2M)
[
1− 24Mfφφ(0)
αr3
]
. (31)
For fφφ(0) > 0, the negative region of Ueff(r) appears only in the vicinity of the BH event horizon. Hence, the modes
with the pure imaginary frequencies are effectively trapped in the vicinity of the event horizon and do not affect the
asymptotic Minkowski vacuum. The first mode with ω2 < 0 was shown to appear for η/(αM2) > 2.903, where the
leading behavior in the vicinity of φ = 0 is given by f(φ) = ηφ2/8 +O(φ3) [17, 18, 21–23].
3. The shift-symmetric Horndeski theory with regular coupling functions
The shift-symmetric Horndeski theory corresponds to the case of fi(φ) = 1 (i = 2, 3, 4, 5) and V (φ) = 0 in Eqs.
(3)-(6). For the models where gi(X)’s (i = 2, 3, 4, 5) in Eqs. (3)-(6) and their derivatives are analytic at X = 0, a
BH no-hair theorem was shown for static, spherically symmetric, and asymptotically flat BH solutions [32], which
holds unless one assumes a linearly time-dependent scalar field ansatz φ = qt+ χ(r) [33], where q is a constant. The
Schwarzschild metric and φ0 = const is a solution if g2(0) = 0. The radial perturbation φ1 about it obeys Eq. (14)
with
ρ1 =
(α+ g2X(0)) r
3
r − 2M , ρ2 = (α+ g2X(0)) r(r − 2M), ρ3 = 2 (α+ g2X(0)) (r −M), ρ4 = 0, ρ5 = 1, (32)
where we have assumed α + g2X(0) > 0 for the correct sign of the effective kinetic term of the perturbation, i.e.,
ρ1 > 0 and ρ2 > 0 outside the event horizon. The effective potential Ueff(r), Eq. (18), is then given by
Ueff(r) =
2M
r4
(r − 2M) , (33)
which is always non-negative. Thus, the Schwarzschild solution in this example is linearly stable against the radial
perturbation, which confirms the no-hair theorem for the shift-symmetric Horndeski theory [32].
74. The Horndeski theory without the shift symmetry
In order to realize a tachyonic instability of the Schwarzschild BH in the Horndeski theory, one has to break at
least one of the assumptions in Sec. II C 3. The first is to break the shift symmetry, and the second is to consider the
functions gi(X) (i = 2, 3, 4, 5), such that gi(X) and/or its derivatives are singular at X = 0. Here, we focus on the
case without the shift symmetry, while gi(X)’s are assumed to be regular at X = 0.
We consider the Horndeski theory breaking the shift symmetry with regular fi(φ)’s (i = 2, 3, 4, 5), V (φ), and gi(X)’s
(i = 2, 3, 4, 5) in Eqs. (3)-(6). The Schwarzschild metric and φ0 = 0 is a solution, if
f2(0)g2(0)− V (0) = 0, f2φ(0)g2(0)− Vφ(0) = 0. (34)
The radial perturbation φ1 about it obeys Eq. (14) with
ρ1 =
(α+ f2(0)g2X(0)− 2f3φ(0)g3(0)) r3
r − 2M , ρ2 = (α+ f2(0)g2X(0)− 2f3φ(0)g3(0)) r(r − 2M),
ρ3 = 2 (α+ f2(0)g2X(0)− 2f3φ(0)g3(0)) (r −M), ρ4 = r2 (f2φφ(0)g2(0)− Vφφ(0)) , ρ5 = 1, (35)
where giX := ∂gi/∂X and so on, and we have assumed α+ f2(0)g2X(0)− 2αf3φ(0)g3(0) > 0 for the correct sign of the
effective kinetic term of the perturbation, i.e., ρ1 > 0 and ρ2 > 0 outside the event horizon. The effective potential
Ueff(r), Eq. (18), is then given by
Ueff(r) =
2M
r4
(r − 2M)
[
1 +
r3(Vφφ(0)− f2φφ(0)g2(0))
2M (α+ f2(0)g2X(0)− 2f3φ(0)g3(0))
]
. (36)
For Vφφ(0) − f2φφ(0)g2(0) > 0, Ueff(r) ≥ 0 outside the event horizon r > 2M and hence the Schwarzschild solution
is linearly stable against the radial perturbation. On the other hand, for Vφφ(0)− f2φφ(0)g2(0) < 0, Ueff(r) becomes
negative in the region far away from the event horizon r ≫ 2M . We emphasize again that such an instability has
nothing to do with spontaneous scalarization. We note that the effective potential Eq. (36) slightly differs from that
for the scalar field perturbation obtained in Ref. [34] [in (24) and (25) with ℓ = 0] by the contribution of G4φ.
III. THE EXISTENCE OF THE φ0 = 0 SOLUTION FOR SINGULAR GALILEON COUPLINGS
From the analyses in Sec. II, we found that for a successful tachyonic instability of the Schwarzschild solution in
the vicinity of the BH event horizon, gi(X)’s (i = 2, 3, 4, 5) which are nonanalytic at X = 0 will be necessary, so that
their contributions to the background equations of motion and the effective potential become important in the limit of
X → 0. On the other hand, too singular choices of gi(X)’s give rise to the divergent contributions at X = 0, which do
not admit the Schwarzschild and φ0 = 0 solutions. In this section, we will investigate the conditions for the existence
of the φ0 = 0 solution for singular galileon coupling functions. We note that the classification of the shift-symmetric
Horndeski theories in terms of the existence of the constant scalar field solution was given in Ref. [35].
In this section, we will focus on each individual generalized galileon coupling in the Horndeski theory:
1. Model with G2 given by Eq. (3) and G3 = G4 = G5 = 0.
2. Model with G3 given by Eq. (4) and G2 = G4 = G5 = 0.
3. Model with G4 given by Eq. (5) and G2 = G3 = G5 = 0.
4. Model with G5 given by Eq. (6) and G2 = G3 = G4 = 0.
In each of models 1-4, in the case that fi(φ) and gi(X) are expressed in terms of Laurant series expansion with
respect to φ = 0 and X = 0, respectively, the O(ǫ0) part of the equations of motion is schematically given by
∑
j
Cj(r)(φ0)
aj (φ0,r˜)
bj (φ0,r˜r˜)
cj = 0, (37)
where the index j = 1, 2, 3, · · · labels each contribution, Cj(r) denotes the r-dependent coefficient for the jth term, aj
and bj are constants, and cj is either 0 or 1, because of the quasilinearity of the equations of motion in the Horndeski
theory. As one of the conditions for the existence of the φ0 = 0 solution, for any j, we impose
aj ≥ 0, bj ≥ 0. (38)
8We note that for cj = 0 the case of aj = bj = 0 is excluded, since otherwise this term does not vanish in the limit
of φ0 → 0 and φ0,r˜ → 0. We also note that even if the equations of motion contain terms which do not satisfy the
condition Eq. (38), we still admit them if they cancel each other.
A more rigorous approach would be first to solve the nonlinear equations for φ0(r) in a given class of the theory. If
the φ0 = 0 solution exists in a certain limit of the integration constant, φ0(r), φ0,r˜, and φ0,r˜r˜ would approach 0 with
different powers of the parameter. However, even if one could still find the φ0 = 0 solution, how φ0 and its derivatives
approach 0 would highly depend on the model, and in general it would be difficult to estimate their scalings a priori
for a given model. Hence, for a model-independent analysis, instead of solving for φ0 in a given model, we assume that
all φ0, φ0,r˜, and φ0,r˜r˜ approach 0, but for the moment do not specify their relative ratios. The φ0 = 0 solution then
exists if each term of Eq. (37) vanishes when the limits of φ0 → 0, φ0,r˜ → 0, and φ0,r˜r˜ → 0 are taken independently
and separately. In this regards, the condition Eq. (38) can be viewed as a sufficient condition.
Besides the terms as in Eq. (37), there will be also the case that the functions gi(X)’s contain some power of lnX .
Then, the O(ǫ0) part of the equations of motion contains the terms as
(φ0)
aj ×
[
(φ0,r˜)
b′j (ln(φ0,r˜))
b′′j
]
× (φ0,r˜r˜)cj . (39)
In such a case, in addition to aj ≥ 0, we have to impose b′j > 0 for the existence of the φ0 = 0 solution, since
(φ0,r˜)
b′j (ln(φ0,r˜))
b′′j → 0 for an arbitrary b′′j in the limit of φ0,r˜ → 0.
Similarly, if fi(φ)’s contain some power of lnφ, its contribution to the O(ǫ0) part of the equations of motion is given
by [
(φ0)
a′j (ln(φ0))
a′′j
]
× (φ0,r˜)bj × (φ0,r˜r˜)cj . (40)
Then, we also have to impose a′j > 0 as well as bj ≥ 0 for an arbitrary a′′j .
For each model, among the coupling functions satisfying the above conditions, we will select the coupling functions
with the minimal power of φ and X in fi(φ) and gi(X), respectively, such that the given generalized galileon coupling
leaves the finite and nonvanishing contributions to the radial perturbation, which is necessary for a tachyonic instability
and spontaneous scalarization of a Schwarzschild BH.
A. Model 1
Let us start with generalized quadratic galileon coupling model 1. Substituting the Schwarzschild metric (11) into
the O(ǫ0) part of the equations of motion, the contributions of the generalized quadratic galileon coupling, in which
the limits of φ0 → 0, φ0,r¯ → 0, and φ0,r¯r¯ → 0 can be nontrivial, are given by
EA, EB ⊃ f2g2, f2X0g2X , V,
Eφ ⊃ f2g2Xφ0,r˜r˜, f2g2XXX0φ0,r˜r˜, f2g2X
√
−X0, f2g2XX(−X0)3/2, f2φg2, f2φg2XX0, Vφ, (41)
where f2, V , and g2 (and their derivatives) are evaluated at φ = φ0(r) and X = X0(r) given by Eq. (13). The
φ0(r) = 0 solution is allowed, if each term in Eq. (41) independently goes to 0. Here, we do not need to consider the
contribution of the ordinary kinetic term αX , since they trivially vanish in the limit of φ0,r˜ → 0 and φ0,r˜r˜ → 0.
We assume that the lowest order contributions to f2, V , and g2 in the vicinity of φ0 = 0 and X0 ∝ φ20,r˜ = 0,
respectively, are given by
f2 ∼ φα2 , g2 ∼ (−X)β2/2, V ∼ φγ2 , (42)
where α2, β2, and γ2 are constants. The contributions in the O(ǫ0) part of EA = 0 and EB = 0 are given by
f2g2, f2X0g2X ∼ φα20 (φ′0)β2 ,
V ∼ φγ20 . (43)
The contributions in the O(ǫ0) part of Eφ = 0 are given by
f2g2Xφ0,r˜r˜, f2g2XXX0φ0,r˜r˜ ∼ φα20 (φ0,r˜)β2−2φ0,r˜r˜,
f2g2X
√
−X0, f2g2XX(−X0)3/2 ∼ φα20 (φ0,r˜)β2−1,
f2φg2, f2φg2XX0 ∼ φα2−10 (φ0,r˜)β2 ,
Vφ ∼ φγ2−10 . (44)
9The minimal choice which satisfies the condition Eq. (38) is then given by α2 = β2 = 1 and γ2 = 2, i.e., f2 ∼ φ,
g2 ∼
√−X, and V ∼ φ2,
for which the terms proportional to f2g2Xφ0,r˜r˜ and f2g2XXX0φ0,r˜r˜ cancel each other, since their summation is
proportional to g2X + 2X0g2XX . We note that for g2 ∼
√−X(−X)β′2 with β′2 6= 0 they do not cancel each other and
no φ0 = 0 solution exists.
We note that by taking the corrections from the logarithmic factors into consideration the model with f2 ∼ φ(ln φ)α′2
and V ∼ φ2(ln φ)γ′2 with α′2 and γ′2 being constants still allows the φ0 = 0 solution, since the (lnφ)α
′
2 terms obtained
from f2φg2 and f2φg2XX0 cancel each other in the O(ǫ0) part of Eφ = 0. For simplicity, we consider the case of
α′2 = γ
′
2 = 0. Then, the O(ǫ0) part of Eφ = 0 reduces to a linear differential equation of φ0 at the leading order, and
then φ0, φ0,r˜, and φ0,r˜r˜ approach 0 with the same speed toward the φ0 = 0 solution. Adding the higher order terms
in f2, g2, and V to Eq. (42) gives the nonlinear corrections to the linear equation at the leading order, and hence
does not alter the existence of the φ0 = 0 solution. Thus, the model with the generalized quadratic galileon coupling
alone which satisfies the condition Eq. (38) is given by
f2 = f20φ+
∞∑
n=2
f2nφ
n, g2 = (−X) 12 +
∞∑
n=2
d2n(−X)n2 , V = µ
2
2
φ2 +
∞∑
n=3
vnφ
n, (45)
where µ, f2n d2n, and vn are constants.
B. Model 2
Next, we consider the generalized cubic galileon coupling model 2. Substituting the Schwarzschild metric (11) into
the O(ǫ0) part of the equations of motion, the contributions of the generalized cubic galileon coupling which can be
nontrivial in the limits of φ0 → 0, φ0,r¯ → 0, and φ0,r¯r¯ → 0 are given by
EA, EB ⊃ f3g3X(−X0)3/2, f3g3XX0φ0,r˜r˜, f3φg3X0,
Eφ ⊃ f3g3XX0, f3g3XXX20 , f3g3X
√
−X0φ0,r˜r˜, f3g3XX(−X0)3/2φ0,r˜r˜, f3φg3φ0,r˜r˜,
f3φg3XX0φ0,r˜r˜, f3φg3
√
−X0, f3φg3X(−X0)3/2, f3φφg3X0, (46)
where f3 and g3 (and their derivatives) are evaluated at φ(r) = φ0(r) and X = X0(r), respectively. Here, we do not
need to consider the contribution of the ordinary kinetic term αX , since they trivially vanish in the limit of φ0,r˜ → 0
and φ0,r˜r˜ → 0.
We assume that the lowest order contributions to f3 and g3 in the vicinity of φ0 = 0 and X0 ∝ φ20,r˜ = 0, respectively,
are given by
f3 ∼ φα3 , g3 ∼ (−X)β3/2, (47)
where α3 and β3 are constants. The contributions in the O(ǫ0) part of EA = 0 and EB = 0 are given by
f3g3X(−X0)3/2 ∼ φα30 (φ0,r˜)β3+1,
f3g3XX0φ0,r˜r˜ ∼ φα30 (φ′0)β3φ0,r˜r˜,
f3φg3X0 ∼ φα3−10 (φ0,r˜)β3+2. (48)
The contributions in the O(ǫ0) part of Eφ = 0 are given by
f3g3XX0, f3g3XXX
2
0 ∼ φα30 (φ0,r˜)β3 ,
f3g3X
√
−X0φ0,r˜r˜, f3g3XX(−X0)3/2φ0,r˜r˜ ∼ φα30 (φ0,r˜)β3−1φ0,r˜r˜,
f3φg3φ0,r˜r˜, f3φg3XX0φ0,r˜r˜ ∼ φα3−10 (φ0,r˜)β3φ0,r˜r˜,
f3φg3
√
−X0, f3φg3X(−X0)3/2 ∼ φα3−10 (φ0,r˜)β3+1,
f3φφg3X0 ∼ φα3−20 (φ0,r˜)β3+2. (49)
The minimal choice which satisfies the condition Eq. (38) is then given by α3 = 1 and β3 = 0, where f3φφg3X0
vanishes. The model with f3 ∝ φ and g3 = 1 can be absorbed into the ordinary kinetic of the scalar field after the
partial integration, as discussed in Sec. II C 1 with V (φ) = 0.
By taking the corrections from the logarithmic factor into consideration, only for g3 ∼ ln(−X) the terms proportional
to f3g3X
√−X0φ0,r˜r˜ and f3g3XX(−X0)3/2φ0,r˜r˜ cancel each other, since their summation is proportional to g3X +
X0g3XX . However, since f3φg3φ0,r˜r˜ ∝ φ0,r˜r˜ lnφ0,r˜ is divergent in the limit of φ0,r˜ → 0, this model does not allow the
φ0(r) = 0 solution. We have explicitly confirmed this by solving the O(ǫ0) part of the equations of motion. Thus, we
will not consider model (2) in the rest of the paper.
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C. Model 3
We then consider the generalized quartic galileon coupling model 3. Substituting the Schwarzschild metric (11)
into the O(ǫ0) part of the equations of motion, the contributions of the generalized quartic galileon coupling which
can be nontrivial in the limits of φ0 → 0, φ0,r¯ → 0, and φ0,r¯r¯ → 0 are given by
EA, EB ⊃ f4g4XX0, f4g4XXX20 , f4g4X(−X0)
1
2φ0,r˜r˜, f4g4XX(−X0) 32φ0,r˜r˜,
f4φg4φ0,r˜r˜, f4φg4XX0φ0,r˜r˜, f4φg4X(−X0) 32 , f4φg4(−X0) 12 , f4φφg4X0
Eφ ⊃ f4g4XXX0φ0,r˜r˜, f4g4XXXX20φ0,r˜r˜, f4g4XX(−X0)3/2, f4g4XXX(−X0)5/2,
f4φg4X(−X0)1/2φ0,r˜r˜, f4φg4XX0, f4φg4XX(−X0)3/2φ0,r˜r˜, f4φg4XXX20 , f4φφg4X(−X0)3/2, (50)
where f4 and g4 (and their derivatives) are evaluated at φ(r) = φ0(r) and X = X0(r), respectively. Here, we do not
need to consider the contribution of the ordinary kinetic term αX , since they trivially vanish in the limits of φ0,r˜ → 0
and φ0,r˜r˜ → 0.
We assume that the lowest order contributions of each function in the vicinity of φ0 = 0 and X0 ∝ φ20,r˜ = 0,
respectively, are given by
f4 ∼ φα4 , g4 ∼ (−X)β4/2, (51)
where α4 and β4 are constants. The contributions in the O(ǫ0) part of EA = 0 and EB = 0 are given by
f4g4XX0, f4g4XXX
2
0 ∼ φα40 (φ0,r˜)β4 ,
f4g4X(−X0) 12φ0,r˜r˜, f4g4XX(−X0) 32φ0,r˜r˜ ∼ φα40 (φ0,r˜)β4−1φ0,r˜r˜,
f4φg4φ0,r˜r˜, f4φg4XX0φ0,r˜r˜ ∼ φα4−10 (φ0,r˜)β4φ0,r˜r˜,
f4φg4X(−X0) 32 , f4φg4(−X0) 12 ∼ φα4−10 (φ0,r˜)β4+1,
f4φφg4X0 ∼ φα4−20 (φ0,r˜)β4+2. (52)
The contributions in the O(ǫ0) part of Eφ = 0 are given by
f4g4XXX0φ0,r˜r˜, f4g4XXXX
2
0φ0,r˜r˜ ∼ φα40 (φ0,r˜)β4−2φ0,r˜r˜,
f4g4XX(−X0)3/2, f4g4XXX(−X0)5/2 ∼ φα40 (φ0,r˜)β4−1,
f4φg4X(−X0)1/2φ0,r˜r˜, f4φg4XX(−X0)3/2φ0,r˜r˜ ∼ φα4−10 (φ0,r˜)β4−1φ0,r˜r˜,
f4φg4XX0, f4φg4XXX
2
0 ∼ φα4−10 (φ0,r˜)β4 ,
f4φφg4X(−X0)3/2 ∼ φα4−20 (φ0,r˜)β4+1. (53)
The minimal choice which satisfies the condition Eq. (38) is then given by α4 = β4 = 1, i.e., f4 ∼ φ and g4 ∼
√−X,
for which f4φφg4X0 and f4φφg4X(−X0)3/2 vanish and the terms proportional to f4g4XXφ0,r˜r˜X0 and f4g4XXXX20φ0,r˜r˜
cancel each other, since their summation is proportional to 3g4XX + 2X0g4XXX .
Moreover, f4 ∼ φ(ln φ)α′4 with α′4 6= 0 is not allowed, since the terms f4φg4φ0,r˜r˜, f4φg4XX0φ0,r˜r˜, f4φg4X(−X0)
3
2 ,
f4φg4(−X0) 12 , f4φg4X(−X0)1/2φ0,r˜r˜, f4φg4XX(−X0)3/2φ0,r˜r˜, f4φg4XX0, and f4φg4XXX20 in the O(ǫ0) part of the
equations of motion give rise to the contributions as (ln φ0)
α′
4 , for which the φ0 → 0 limit becomes singular. Thus,
f4 ∼ φ is the unique minimal model which allows the φ0 = 0 solution. Then, the O(ǫ0) part of Eφ = 0 reduces to
a linear differential equation of φ0 at the leading order, and hence φ0, φ0,r˜, and φ0,r˜r˜ approach to 0 with the same
speed in the vicinity of the φ0 = 0 solution. The model with the generalized quartic galileon coupling alone which
could potentially realize spontaneous scalarization is given by
f4 = f40φ+
∞∑
n=2
f4nφ
n, g4 =
√
−X +
∞∑
n=2
d4n(−X)n2 . (54)
where f40, f4n, and d4n are constants.
D. Model 4
Finally, we consider the generalized quintic galileon coupling model 4. Substituting the Schwarzschild metric (11)
into the O(ǫ0) part of the equations of motion, the contributions of generalized quintic galileon coupling which can
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be nontrivial in the limits of φ0 → 0, φ0,r¯ → 0, and φ0,r¯r¯ → 0 are given by
EA, EB ⊃ f5g5X(−X0)3/2, f5g5XX(−X0)5/2, f5g5XX0φ0,r˜r˜, f5g5XXX20φ0,r˜r˜
f5φg5XX
2
0 , f5φg5X0, f5φg5
√
−X0φ0,r˜r˜, f5φg5X(−X0)3/2φ0,r˜r˜, f5φφg5(−X0)3/2,
Eφ ⊃ f5g5XX0, f5g5XXX20 , f5g5XXXX30 , f5g5X
√
−X0φ0,r˜r˜, f5g5XX(−X0)3/2φ0,r˜r˜, f5g5XXX(−X0)5/2φ0,r˜r˜,
f5φg5XX0φ0,r˜r˜, f5φg5XXX
2
0φ0,r˜r˜, f5φg5X(−X0)3/2, f5φg5XX(−X0)5/2, f5φφg5XX20 , (55)
where f5 and g5 (and their derivatives) are evaluated at φ(r) = φ0(r) and X = X0(r), respectively. Here, we do not
need to consider the contribution of the ordinary kinetic term αX , since they trivially vanish in the limit of φ0,r˜ → 0
and φ0,r˜r˜ → 0.
We assume that the lowest order contributions of each function in the vicinity of φ0 = 0 and X0 ∝ φ20,r˜ = 0,
respectively, are given by
f5 ∼ φα5 , g5 ∼ (−X)β5/2, (56)
where α5 and β5 = 0 are constants. The contributions in the O(ǫ0) part of EA = 0 and EB = 0 are given by
f5g5X(−X0)3/2, f5g5XX(−X0)5/2 ∼ φα50 (φ0,r˜)β5+1,
f5g5XX0φ0,r˜r˜, f5g5XXX
2
0φ0,r˜r˜ ∼ φα50 (φ0,r˜)β5φ0,r˜r˜,
f5φg5XX
2
0 , f5φg5X0 ∼ φα5−10 (φ0,r˜)β5+2,
f5φg5
√
−X0φ0,r˜r˜, f5φg5X(−X0)3/2φ0,r˜r˜ ∼ φα5−10 (φ0,r˜)β5+1φ0,r˜r˜,
f5φφg5(−X0)3/2 ∼ φα5−20 (φ0,r˜)β5+3. (57)
The contributions in the O(ǫ0) part of Eφ = 0 are given by
f5g5XX0, f5g5XXX
2
0 , f5g5XXXX
3
0 ∼ φα50 (φ0,r˜)β5 ,
f5g5X
√
−X0φ0,r˜r˜, f5g5XX(−X0)3/2φ0,r˜r˜, f5g5XXX(−X0)5/2φ0,r˜r˜ ∼ φα50 (φ0,r˜)β5−1φ0,r˜r˜,
f5φg5XX0φ0,r˜r˜, f5φg5XXX
2
0φ0,r˜r˜ ∼ φα5−10 (φ0,r˜)β5φ0,r˜r˜,
f5φg5X(−X0)3/2, f5φg5XX(−X0)5/2 ∼ φα5−10 (φ0,r˜)β5+1,
f5φφg5XX
2
0 ∼ φα5−20 (φ0,r˜)β5+2. (58)
The minimal choice which satisfies the condition Eq. (38) is then given by α5 = 1 and β5 = 0, i.e., f5 ∼ φ and g5 = 1,
which can be absorbed into a shift-symmetric theory after the partial integration.
By taking the corrections from the logarithmic factor into consideration, only for g5 ∼ ln(−X), the terms propor-
tional to f5g5X
√−X0φ0,r˜r˜, f5g5XX(−X0)3/2φ0,r˜r˜, and f5g5XXX(−X0)5/2φ0,r˜r˜ cancel each other, since their summa-
tion is proportional to (r − 3M)(g5X +X0g5XX) + (r − 2M)(2g5XX +X0g5XXX). f5φφg5(−X0)3/2 and f5φφg5XX20
vanish.
Moreover, f5 ∼ φ(lnφ)α′5 with α′5 6= 0 is not allowed, since the terms f5φg5XX20 , f5φg5X0, f5φg5
√−X0φ0,r˜r˜,
f5φg5X(−X0)3/2φ0,r˜r˜, f5φg5XX0φ0,r˜r˜, f5φg5XXX20φ0,r˜r˜, f5φg5X(−X0)3/2, and f5φg5XX(−X0)5/2 in the O(ǫ0) part of
the equations of motion give rise to the terms as (lnφ0)
α′
5 , for which the φ0 → 0 becomes singular. Thus, f5 ∼ φ
is the unique minimal model which allows the φ0 = 0 solution. Then the O(ǫ0) part of Eφ = 0 reduces to a linear
differential equation of φ0 at the leading order, φ0, φ0,r˜, and φ0,r˜r˜ approach 0 with the same speed in the vicinity of
the φ0 = 0 solution. The model with the generalized quintic galileon coupling alone which could potentially realize
spontaneous scalarization is given by
f5(φ) = −f50φ+
∞∑
n=2
f5nφ
n, g5(X) = ln(−X) +
∞∑
n=1
d5n(−X)n2 . (59)
where f50, f5n, and d5n are constants.
E. Discussions
The no-hair theorem for the static, spherically symmetric, and asymptotically flat BH solutions in the shift-
symmetric Horndeski theories [32] was established on the basis of the properties of the Noether current Jµ associated
with the shift symmetry. In a generic static, spherically symmetric, and asymptotically flat BH spacetime, integrating
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∂r(
√−gJr) = 0 and imposing the regularity at the horizon JµJµ <∞ on the event horizon yield Jr = 0 everywhere
outside the event horizon. On the other hand, in a generic class of the Horndeski theory the contributions to Jr are
given by
Jr ⊃
√
−XG2X , XG3X ,
√
−XG4X , (−X)3/2G4XX , XG5X , X2G5XX . (60)
In order to obtain a nontrivial solution φ,r˜ ∝
√−X 6= 0, each contribution in Eq. (60) should be nonzero and finite,
which requires the following leading order behavior of Gi(X)’s
G2 ∼
√
−X, G3 ∼ ln(−X), G4 ∼
√
−X, G5 ∼ ln(−X). (61)
They agree with the leading order part of gi(X)’s in Eqs. (45), (54), and (59), respectively (see also [36]). Since in the
models of Eqs. (45), (54), and (59), fi(φ) ∼ φ (i = 2, 3, 4, 5), the shift symmetry is minimally broken by multiplying
an additional power of φ to the above coupling functions.
The situation is very similar to the case of the Einstein-scalar-GB theory (27) where both hairy BH solutions and
spontaneous scalarization have been studied. In the shift-symmetric Einstein-scalar-GB theory with f(φ) ∝ φ in Eq.
(27), a hairy BH solution was explicitly constructed in Refs. [37]. On the other hand, spontaneous scalarization of the
Schwarzschild solution was shown to take place for a quadratic coupling f(φ) ∝ φ2 [17, 18, 21–23]. Thus, in order to
discuss spontaneous scalarization, an additional power of φ is multiplied to the linear coupling in the shift symmetric
theory by which the shift symmetry is minimally broken.
IV. THE φ0 = 0 SOLUTION AND LINEAR STABILITY AGAINST THE RADIAL PERTURBATION
In this section, we will closely look at the solution of the scalar field on top of the Schwarzschild spacetime, and
investigate the existence of the φ0 = 0 solution and the linear stability against the radial perturbation.
A. Model 1
We focus on the leading order part of (45):
g2(X) = (−X)1/2, f2(φ) = f20φ, V (φ) = 1
2
µ2φ2, (62)
since the higher order terms would not affect the existence of the φ0 = 0 solution and the linear stability. The O(ǫ1)
part of Eφ = 0 is given by Eq. (14) with
ρ1 =
r3α
r − 2M ∓
f20r
7/2φ0√
2(r − 2M)3/2φ′0
, ρ2 = r(r − 2M)α, ρ3 = 2(r −M)α,
ρ4 = −1
2
√
r
r − 2M
[
±
√
2f20(2r − 3M) + 2
√
r3(r − 2M)µ2
]
,
ρ5 = 1∓ f20φ0√
2(1− 2M/r)αφ′0
, (63)
where the upper and lower branches correspond to the cases of φ′0 > 0 and φ
′
0 < 0, respectively. For α > 0, ρ2 > 0
outside the event horizon. We assume that φ′0 never cross 0, where ρ1 blows up and hyperbolicity is broken. Ueff(r)
in Eq. (17) is given by
Ueff(r) =
2M
r4
(r − 2M) + ±
√
2f20
√
r − 2M(2r − 3M) + 2r3/2(r − 2M)µ2
2αr5/2
. (64)
In order to evaluate φ0/φ
′
0 in the limit of the φ0 = 0 solution, we investigate the O(ǫ0) part of Eφ = 0 on the
Schwarzschild background, which is explicitly given by
−
(
±
√
2f20(2r − 3M) + 2
√
r − 2Mr3/2µ2
)
φ0 + 2
√
1− 2M
r
α (2(r −M)φ′0 + r(r − 2M)φ′′0) = 0. (65)
Solving Eq. (65) under the regularity boundary condition at the event horizon, |φ0(2M)| <∞ and |φ0,r˜(2M)| <∞,
the general scalar field solution φ0(r) near the event horizon r & 2M is given by
φ0(r) = C0
[
1± 2f20
√
M(r − 2M)
α
+
M(f220 + 2αµ
2)(r − 2M)
α2
+O (r − 2M)3/2
]
. (66)
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If we choose C0 > 0, both the branches of φ
′
0 > 0 and φ
′
0 < 0 at the event horizon require
f20 > 0. (67)
We note that φ0,r˜ and φ0,r˜r˜ are regular at the event horizon and satisfy the condition discussed in Sec. II B. We also
note that for both the branches the other solution of Eq. (65) contains a term proportional to ln(r − 2M) ∼ ln r˜,
which is singular at r = 2M , and hence does not satisfy the condition discussed in Sec. II B.
After calculating φ′0(r) and φ
′′
0(r), the simultaneous limit φ0 → 0, φ′0 → 0, and φ′′0 → 0 can be taken by C0 → 0+,
and then
ρ5 = ±
√
M(2µ2α− f220)
f20α
√
r − 2M +O (r − 2M) . (68)
For the upper and lower branches, in order to ensure hyperbolicity near the event horizon, we have to impose
0 < f20 <
√
2αµ, f20 >
√
2αµ, (69)
respectively. For the branch of φ′0 > 0, Eq. (64) is always non-negative for r > 2M . Thus, the Schwarzschild solution
is linearly stable against the radial perturbation and no tachyonic instability takes place.
On the other hand, for the branch of φ′0 < 0, the general solution φ0(r) for µ
2 > 0 at r ≫ 2M is given by
φ0(r) ∼ −erµ/
√
α/r, which satisfies φ′0 < 0. However, a runaway growth of φ0(r) does not satisfy the condition of the
regularity at the spatial infinity, |ζ0(∞)| <∞.
For µ2 = 0, the general solution φ0(r) at r ≫ 2M is given by a linear combination of the approximated solutions
written in terms of Bessel and Neumann functions J1
(
25/4
√
f20r√
α
)
/
√
r and Y1
(
25/4
√
f20r√
α
)
/
√
r, respectively. Thus,
φ0(r) is oscillating, and φ
′
0 crosses 0 many times, where ρ5 blows up and hyperbolicity is broken.
We note that for C0 < 0 the role of φ
′
0 > 0 and φ
′
0 < 0 (as well as f20 and −f20) is simply exchanged, and the
conclusion remains unchanged. Therefore, in model 1 spontaneous scalarization does not take place.
B. Model 3
We then focus on the leading order part of (54):
g4(X) = (−X)1/2, f(φ) = f40φ, (70)
for which the O(ǫ0) part of Eφ = 0 is given by
∓
√
2f40Mφ0 + 2
(
±
√
2f40(3M
2 + 2Mr − 2r2) + αr3/2
√
r − 2M(r −M)
)
φ′0
+ r(r − 2M)
(
±2
√
2f40(3M − 2r) + αr3/2
√
r − 2M
)
φ′′0 = 0, (71)
where the upper and lower branches correspond to the cases of φ′0 > 0 and for φ
′
0 < 0, respectively. The O(ǫ1) part
of Eφ = 0 is given by Eq. (14) with
ρ1 =
√
r
(r − 2M)φ′0
[
±
√
2f40(4M − 3r)φ0 + r
(
(±2
√
2f40(7M − 4r) + r3/2
√
r − 2Mα)φ′0 ± 2
√
2f40(2M − r)rφ′′0
)]
,
ρ2 =
r − 2M√
r
(
±2
√
2f40(3M − 2r) + r3/2
√
r − 2Mα
)
,
ρ3 =
2
r3/2
(
±
√
2f40(3M
2 + 2Mr − 2r2) + r3/2√r − 2M(r −M)α
)
,
ρ4 = ∓
√
2f40M
r3/2
, (72)
and
ρ5 = 1∓
√
2f40 ((3r − 4M)φ0 + 2r(r − 2M)(rφ′′0 + 2φ′0))
r
(±2√2f40(3M − 2r) + r3/2√r − 2Mα)φ′0 . (73)
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Ueff(r) in Eq. (17) is given by
Ueff(r) =
2M
r4
(r − 2M)± f40
r4
(±2√2f40(3M − 2r) + r3/2α√r − 2M)2
×
[
±2f40(81M4 − 132M3r + 54M2r2 + 4Mr3 − 4r4) +
√
2(r − 2M)Mr3/2 (7r2 − 28Mr + 27M2)α] .
(74)
There are two general scalar field solutions to Eq. (71) which satisfy the regularity boundary conditions at the event
horizon r = 2M ,
φ0(r) = C1
[
1− r − 2M
2M
∓ α(r − 2M)
3/2
3f40
√
M
+O ((r − 2M)2)] , (75)
and
φ0(r) = C2
[
√
r − 2M ±
√
Mα
2f40
(r − 2M) +
(
− 3
4M
+
Mα2
3f240
)
(r − 2M)3/2 +O ((r − 2M)2)
]
, (76)
where C1 and C2 are integration constants. We note that φ0,r˜ and φ0,r˜r˜ are regular at the event horizon and satisfy
the condition discussed in Sec. II B.
1. The case of the solution (75)
For the solution (75), C1 < 0 for the φ
′
0 > 0 branch and C1 > 0 for the φ
′
0 < 0 one. The C1 → 0 limit is taken after
calculating φ′0(r) and φ
′′
0 (r), and then
ρ5 = ±
√
Mα
f40
(r − 2M)1/2 +O (r − 2M) . (77)
For the upper and lower branches, hyperbolicity in the vicinity of the event horizon imposes, respectively,
f40 > 0, f40 < 0, (78)
for which there is always a point rs(> 2M) where ±2
√
2f40(3M − 2rs) + αr3/2s
√
rs − 2M = 0 in Eq. (71). At r = rs,
ρ5 diverges and changes the sign, and hence the hyperbolicity is broken.
2. The case of the solution (76)
On the other hand, for the solution (76), in the vicinity of the event horizon r & 2M we obtain
ρ5 =
Mα2(r − 2M)
f240
± (−5f
2
40α+ 2M
2α3)
f340
√
M
(r − 2M)3/2 +O ((r − 2M)2) , (79)
which allows both f40 > 0 and f40 < 0. Thus, if we choose f40 < 0 and f40 > 0 for the φ
′
0 > 0 and φ
′
0 < 0 branches,
respectively, Eq. (71) can be integrated without crossing the singularity, and ρ1 > 0 and ρ2 > 0 outside the event
horizon.
Because of the symmetry in the background and perturbation equations, the φ′0(r) > 0 branch with f40 < 0 is
physically equivalent to the φ′0(r) < 0 branch with f40 > 0. Hence in the rest of this subsection we focus on the
φ′0 > 0 branch. For numerical analysis, without loss of generality, we may set M = 1 and α = 1 by appropriate
rescaling of f40.
In Fig. 1, the solution to Eq. (71) for f40 = −50 is shown for the φ′0(r) > 0 branch. The plots for ρ5 and Ueff are
also shown. We find that φ0(r) is monotonically increasing and approaching a positive finite value, and hence there
is no violation of hyperbolicity everywhere outside the event horizon. We also find Ueff possesses a negative region
in the intermediate length scales and gradually approaches 0 at the asymptotic infinity. Thus, the φ0 = 0 solution in
this model is expected to be unstable, but this tachyonic instability is different from the case of µ2 < 0 in the ordinary
scalar-tensor theory (22) and the case of the Einstein-scalar-GB theory (27). The negative region of Ueff appears for
f40/(αM) & −3.78, and the depth of it is saturated for a sufficiently negative value of |f40|/(αM) ≫ O(100). The
end point of the instability may result in a new hairy BH solution in the given model. Since Ueff approaches 0 at the
spatial infinity, such an instability would not affect the Minkowski vacuum at the asymptotic infinity. The existence
of the resultant asymptotically flat hairy BH solutions and their stability will be left for future studies.
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FIG. 1. The solution to Eq (71) for f40 = −50 is shown for the φ
′
0 > 0 branch. The plots for ρ5 and Ueff are also shown.
3. The case of a linear combination of (75) and (76)
Finally, we discuss the case of the linear combination of the two solutions (75) and (76). Setting C1 = −C2g, where
g is the constant, in the vicinity of the event horizon, we obtain
φ′0(r) = C2
(
1
2
√
r − 2M +
1
2M
(
g ± M
3/2α
f40
)
+O
(
(r − 2M)1/2
))
, (80)
and
ρ5 =
α
f240
(
± f40g√
M
+Mα
)
(r − 2M) + 1
f240
(
−3f
2
40g
M2
∓ f40(g
2 + 5M)α
M3/2
+ gα2 ± 2M
3/2α3
f40
)
(r − 2M)3/2
+ O ((r − 2M)2) , (81)
where we require C2 > 0 and C2 < 0 for φ
′
0(r) > 0 and φ
′
0(r) < 0 branches. In order for φ
′
0(r) not to change the sign
at the intermediate r > 2M , we require g > 0. Hyperbolicity in the vicinity of the event horizon then requires ρ5 > 0,
which leads to
f40 > −M
3/2α
g
, f40 <
M3/2α
g
. (82)
In order for Eq. (71) to be integrated, we require f40 < 0 and f40 > 0 for the φ
′
0(r) > 0 and φ
′
0(r) < 0 for the
corresponding branches, respectively. Thus, we have to impose
0 > f40 > −M
3/2α
g
, 0 < f40 <
M3/2α
g
. (83)
For g →∞, there is no allowed region for f40, which is consistent with our analysis in Sec. IVB 1, while for g → 0 we
recover the results in Sec. IVB2. As long as the bound (83) is satisfied, the basic properties of the solutions remain
the same as those in Sec. IVB 2, and hence we omit to show the numerical results here.
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C. Model 4
Finally, we focus on the leading order part of (59)
g5(X) = ln(−X), f5(φ) = −f50φ, (84)
where the O(ǫ1) part of Eφ = 0 is given by Eq. (14) with
ρ1 =
(−8f50M + 12f50r − r3α)φ′0 − 8f50r(2M − r)φ′′0
(2M − r)φ′0
, ρ2 =
(r − 2M)(−4f50 + r2α)
r
,
ρ3 = 2
(
−4f50M
r2
+ α(r −M)
)
, ρ4 =
12f50M
2
r4
, (85)
and
ρ5 =
(
r3α− 4f50(3r − 2M)
)
φ′0 − 8f50(r − 2M)rφ′′0
r(−4f50 + r2α)φ′0
. (86)
In Eq. (18),
Ueff(r) = (r − 2M)
[
2M
r4
− 4f50
(−4f50(3M − 2r) + r2(3M2 − 4Mr + r2)α)
r5(−4f50 + r2α)2
]
. (87)
Ueff is regular outside the event horizon for
f50 < αM
2. (88)
Then, since r2 − 4f50/α > r2 − 4M2 > 0 for α > 0, ρ2 > 0 outside the event horizon. In order to estimate φ′′0/φ′0, we
then investigate the O(ǫ0) part of Eφ = 0
12f50M
2φ0 + r
2
[
2(−4f50M + r2(r −M)α)φ′0 + r(r − 2M)(−4f50 + r2α)φ′′0
]
= 0. (89)
The general scalar field solution near the event horizon r & 2M is
φ0(r) = C0
[
1 +
3f50
8f50M − 8αM3 (r − 2M) +O
(
(r − 2M)2)] . (90)
The φ0 = 0 solution can be obtained by taking the limit of C0 → 0. After calculating the derivatives φ′0(r) and φ′′0 (r)
and then taking the limit of C0 → 0, we obtain
ρ5 =
−2f50 +M2α
−f50 +M2α +O (r − 2M) . (91)
Combined with Eq. (88), hyperbolicity in the vicinity of the event horizon is ensured for
f50 <
αM2
2
. (92)
The theory with α 6= 1 can be rewritten in terms of the theory with α = 1 by the redefinition of f50 → f50/α.
Furthermore, the M dependence can be absorbed by the rescalings of r → r/M and f50 → f50/M2. Hence, without
loss of generality, for the numerical analysis we may set α = 1 and M = 1. In Fig. 2, the solution to Eq (89) for
f50 = 0.49 with C0 = 1.0 is shown, which satisfies Eq. (92). The plots for ρ5 and Ueff are also shown. We find that
whenever the bound Eq. (92) is satisfied, Ueff is always non-negative, leading to no tachyonic instability in model 4.
D. Discussions
In this section, we have clarified whether each individual generalized galileon coupling in the Horndeski theory
specified in Sec. III could have the φ0 = 0 solution on top of the Schwarzschild spacetime, and whether their
solution is linearly unstable against the radial perturbation. We have found that no individual class of the Horndeski
theory, except for the generalized quartic coupling model 3, can realize a tachyonic instability without violation of
the hyperbolicity, although the reason is different between models.
17
0 10 20 30 40 50
r
M
0.2
0.4
0.6
0.8
1.0
Φ0
0 10 20 30 40 50
r
M
0.2
0.4
0.6
0.8
1.0
1.2
1.4
Ρ5
5 10 15 20
r
M
0.005
0.010
0.015
0.020
0.025
Ueff
FIG. 2. The solution to Eq (89) for f50 = 0.49 is shown, which satisfies the bound Eq. (92). The plots for ρ5 and Ueff are
also shown.
Model 2 was already excluded from our analysis in Sec. III. In model 1, the solution to the O(ǫ0) part of the
scalar field equation of motion does not satisfy the condition for the existence of the φ0 = 0 solution discussed in Sec.
II B. In model 4, although the φ0 = 0 solution exists on top of the Schwarzschild spacetime, the effective potential
for the radial perturbation was always non-negative for parameters without violation of hyperbolicity. However, we
have also found that the behaviors of the background solution and the radial perturbation in model 4 with G5 6= 0
alone are very similar to the requested one. In fact, the coupling (84) can be regarded as the pure G5 part of the
Einstein-scalar-GB theory Eq. (28) with f(φ) = (f50/8)φ
2.
In the next section, we will consider a model composed of generalized quartic and quintic galileon couplings which
includes the Einstein-scalar-GB theory with the quadratic GB coupling as a special limit, and we investigate how
large deviation from the Einstein-scalar-GB theory is allowed in this class of the model for a successful realization of
a tachyonic instability of the Schwarzschild BH.
On the other hand, in model 3, the φ0 = 0 solution exists on top of the Schwarzschild background, and the effective
potential for the perturbation about it possesses a negative region in the intermediate length scales outside the event
horizon without violation of the hyperbolicity. This may suggest the existence of a new hairy BH solution which
would not modify the global Minkowski spacetime, whose construction will be left for future work.
V. A MODEL WITH GENERALIZED QUARTIC AND QUINTIC GALILEON COUPLINGS
A. Model
In this section, we consider the model with G2 = G3 = 0, and
f4(φ) = βη, g4(X) = X(2− lnX),
f5(φ) = −ηφ, g5 = lnX, (93)
where 0 < β < 1 is a parameter. β = 0 corresponds to model 4 discussed in Sec. III D with the replacement of
f50 → η, and β = 1 is equivalent to the Einstein-scalar-GB theory (28) with f(φ) = ηφ2/8.
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The O(ǫ1) part of Eφ = 0 is then given by Eq. (14) with
ρ1 =
(−r3α+ 4η(3r − 2M)(1− β))φ′0 + 8η(r − 2M)r(1− β)φ′′0
(2M − r)φ′0
, ρ2 =
(r − 2M)(−4η(1− β) + r2α)
r
,
ρ3 = 2
(
−4η(1− β)M
r2
+ α(r −M)
)
, ρ4 =
12ηM2
r4
, (94)
and
ρ5 =
(
r3α− 4η(3r − 2M)(1− β)) φ′0 − 8η(r − 2M)r(1 − β)φ′′0
r(−4η(1− β) + r2α)φ′0
, (95)
and the effective potential (18)
Ueff(r) = (r − 2M)
[
2M
r4
− 4η
[
r2α(3M2 − 4Mr(1− β) + r2(1− β)) − 4ηM(3M − 2r(1− β))(1 − β)]
r5(r2α− 4η(1− β))2
]
. (96)
Ueff is regular outside the event horizon for
η <
αM2
1− β . (97)
Then, since r2 − 4η(1− β)/α > r2 − 4M2 > 0 for α > 0, ρ2 > 0 outside the event horizon.
We then investigate the O(ǫ0) part of Eφ = 0:
12ηM2φ0 + r
2
(
2
(
r2(r −M)α+ 4ηM(−1 + β))φ′0 + r(r − 2M)(r2α+ 4η(−1 + β))φ′′0) = 0. (98)
The solution φ0(r) satisfying the regularity boundary conditions at the event horizon r = 2M , discussed in Sec. II B,
is given by
φ0(r) = C0
[
1 +
3η
8(ηM −M3α− ηMβ) (r − 2M) +O
(
(r − 2M)2)] . (99)
The φ0 = 0 solution can be obtained by taking the C0 → 0 limit. After calculating φ′0(r) and φ′′0 (r) and taking the
C0 → 0 limit, we find in the vicinity of the event horizon
ρ5 =
(−2η(1− β) +M2α
−η(1− β) +M2α
)
+O (r − 2M) . (100)
Hyperbolicity in the vicinity of the event horizon is ensured for
η <
αM2
2(1− β) . (101)
The theory with α 6= 1 can be rewritten in terms of the theory with α = 1 by the redefinition of η → η/α.
Furthermore, the M dependence can be eliminated by the rescalings of r → r/M and η → η/M2. Hence without loss
of generality, for the numerical analysis we may set α = 1 and M = 1. We also set C0 = 1. In Figs. 3-6, the solution
for φ0 is shown for β = 0.5, 0.75, 0.90, 0.95 and η = 0.99/[2(1−β)] (for a given β), respectively, all of which satisfy the
bound Eq. (101). For β = 0.95, ρ5 blows up in the vicinity of the event horizon, as φ
′
0 vanishes there before taking
the limit of C0 → 0. Thus, in this region there is violation of hyperbolicity. For all the other cases, β = 0.5, 0.75, 0.90,
φ0(r) is monotonically decreasing, and hence φ
′
0(r) does not reach zero and ρ5 is positive definite everywhere outside
the event horizon. As β increases, the effective potential Ueff(r) defined in Eq. (96) develops a negative region in the
vicinity of the event horizon, leading to a tachyonic instability. In the next subsection, we will analyze the stability
of the model.
B. Tachyonic instability
In order to investigate the existence of the bound state with the pure imaginary frequency, we will employ the
S-deformation method. Multiplying Ψ∗ on Eq. (17) and integrating from the event horizon to the infinity of the
Schwarzschild spacetime, we obtain∫ ∞
−∞
dr∗Ψ
∗
[
− d
2
dr2∗
+ Ueff
]
Ψ = ω2
∫ ∞
−∞
dr∗ρ5|Ψ|2, (102)
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FIG. 3. The solution to Eq (98) for β = 0.50 and η = 0.99/[2(1− β)] is shown, which satisfies the bound Eq. (101). The plots
for ρ5 and Ueff are also shown for the same parameters.
where we have assumed that the mode function Ψ is square integrable. By introducing an arbitrary function S, Eq.
(102) can be rewritten as
−
[
Ψ∗
d
dr∗
Ψ+ S|Ψ|2
]∞
−∞
+
∫ ∞
−∞
dr∗
[∣∣∣∣ dΨdr∗ + SΨ
∣∣∣∣
2
+
(
Ueff +
dS
dr∗
− S2
)
|Ψ|2
]
= ω2
∫ ∞
−∞
dr∗ρ5|Ψ|2. (103)
Assuming the boundary conditions for which the first boundary terms vanish, ω2 is bounded from below if there exists
an S satisfying
Ueff +
dS
dr∗
− S2 ≥ 0. (104)
A method to analyze the stability of BH was presented in Ref. [38], which states that if the first order differential
equation,
Ueff +
dS
dr∗
− S2 = 0, (105)
admits the regular solution for S, there exists no eigenmode with ω2 < 0. Introducing Ψ0 by S = −(dΨ0/dr∗)/Ψ0,
Eq. (105) reduces to [
− d
2
dr2∗
+ Ueff
]
Ψ0 = 0, (106)
and hence Ψ0 corresponds to the eigenmode function of the zero energy state ω = 0. If Eq. (105) admits only regular
solutions for S, Ψ0 never crosses zero and hence the zero energy state ω = 0 has to be the lowest mode. Thus, the
existence of S which never diverges provides a direct proof for stability against the given type of perturbations. On
the other hand, if S diverges at some point, it indicates the existence of nodes in the eigenmode function of the zero
energy state and hence the existence of the modes with ω2 < 0. Since in this paper we will not explicitly investigate
the eigenvalues of ω2 < 0 and the corresponding eigenmode functions, the divergence of S is not a direct evidence of
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FIG. 4. The same plots for β = 0.75 and η = 0.99/[2(1 − β)].
the tachyonic instability. Nevertheless, in the case of the Einstein-scalar-GB theory, the existence of the regular S
can be ensured for η/(αM2) < 2.903, which corresponds to the bifurcation point of hairy BH solutions with nodeless
nontrivial profiles of the scalar field from the Schwarzschild solution with φ = 0 [21–23].
In Fig. 7, by setting M = 1 and α = 1, in the (β, η)-plane the critical curve below which the regular solution S
for Eq. (105) exists is shown in red. The blue curve corresponds to the values of η given by Eq. (101), above which
hyperbolicity is broken in the vicinity of the event horizon. The green curve represents the critical value of η, above
which hyperbolicity is broken at a finite radius outside the event horizon where φ′0(r) = 0, even if it is satisfied in the
vicinity of the event horizon (see Fig. 6 as an example). For the solutions located in the right region surrounded by
these red, blue and green curves, the radial perturbation about the Schwarzschild solution satisfies the hyperbolicity,
while the stability of the Schwarzschild solution is not ensured, since there is no regular S satisfying Eq. (105) and
Ueff would accommodate negative energy eigenmodes with ω
2 < 0. We note that the right end of Fig. 7 with β = 1
corresponds to the case of the Einstein-scalar-GB theory, and the intersection with the red curve is given by 2.903,
which agrees with the value obtained in Refs. [17, 18, 21–23]. Also, we note that the right edge of the green curve
does not include the case of β = 1, for which always ρ5 = 1 from Eq. (95).
Since the effective potential for the radial perturbation is very similar to that in the Einstein-scalar-GB theory of
Refs. [17, 18, 21–23], we expect that the end point of the tachyonic instability is also an asymptotically flat scalarized
BH which is very similar to that in the Einstein-scalar-GB theory. The numerical construction of scalarized BH
solutions will be left for future work.
VI. CONCLUSIONS
In this paper, we have investigated the possibility of spontaneous scalarization of static, spherically symmetric,
and asymptotically flat BH solutions in the Horndeski theory. Our studies extended the previous analysis about the
Einstein-scalar-GB theory to the other classes of the Horndeski theory.
First, we have clarified the conditions that generalized galileon couplings in the Horndeski theory could allow the
constant scalar field solution on top of the Schwarzschild spacetime. Without loss of generality, after some appropriate
shift we could always set the constant scalar field to be φ = 0. For the coupling functions in the Horndeski theory
which are regular at X = 0, where X = −(1/2)gµν∂µφ∂νφ is the ordinary kinetic term, all classes could possess
the φ = 0 solution on top of the Schwarzschild spacetime, but at the same time their contribution to the radial
perturbation automatically vanished. On the other hand, if the coupling functions are too singular at X = 0, no
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FIG. 5. The same plots for β = 0.90 and η = 0.99/[2(1 − β)].
φ = 0 solution exists on top of the Schwarzschild spacetime.
In Sec. III, in order for the φ = 0 solution to exist, we have required that in all the components of the background
equations of motion, each contribution has to be regular in the simultaneous limits of φ→ 0, φ,r˜ → 0, and φ,r˜r˜ → 0,
where r˜ is the proper length in the radial direction defined in Eq. (12). However, since in general the speed of the
convergence of φ, φ,r˜, and φ,r˜r˜ to 0 is not known unless a model is specified and the scalar field equation of motion is
solved, we have adopted the sufficient condition that each contribution to the background equations of motion does
not contain any inverse power of φ, φ,r˜, and φ,r˜r˜. We have also excluded the term which involves some power of lnφ
or lnφ,r˜, unless a positive power of φ or φ,r˜ is multiplied to the logarithmic term, respectively. For each individual
galileon coupling, we have chosen the model with the minimal leading power of the galileon coupling function satisfying
the above conditions. The concrete models were given by Eqs. (45), (54), and (59).
In Sec. IV, we have further investigated each model obtained in Sec. III. We have found that in model (54), there
was the φ = 0 solution on top of the Schwarzschild spacetime, and the effective potential for the radial perturbation
possesses a negative region in the intermediate length scales, leading to a tachyonic instability which does not affect
the global Minkowski vacuum. On the other hand, for the models (45) and (59), even if they allow for the φ = 0
solution on top of the Schwarzschild spacetime, the radial perturbation was not suitable for spontaneous scalarization,
because of violation of hyperbolicity or no negative region in the effective potential. Thus, we have concluded that,
except for the model with the generalized quartic galileon coupling, each individual galileon coupling could not realize
a tachyonic instability of a Schwarzschild solution by itself. We have also found that the behaviors of the model with
the generalized quintic galileon coupling alone are very similar to those in the case of the Einstein-scalar-GB model,
even if the effective potential could not possess the negative region without violation of the hyperbolicity. The analysis
including the metric perturbations is left for future work.
In Sec. V, we have investigated the model composed of generalized quartic and quintic couplings given by Eq.
(93), which includes the Einstein-scalar-GB theory with the quadratic coupling as the special case. We have shown as
one increases the relative contribution of the quartic coupling term in Eq. (93), the effective potential for the radial
perturbation develops a negative region, which could accommodate one or more states with pure imaginary frequencies.
In the two-dimensional parameter space, we have clarified the region (1) where the hyperbolicity is preserved, and
using the S-deformation method, the region (2) where the linear stability against the radial perturbation is ensured.
In the region inside the region (1) but outside the region (2), the linear stability of the Schwarzschild solution against
the radial perturbation is not ensured, indicating the appearance of a tachyonic instability. It implies that the theory
in the region realizes spontaneous scalarization of a BH. In the limit of the Einstein-scalar-GB theory, the boundary
of the region (2) coincides with the value of the critical coupling constant where the branch of scalarized hairy BHs
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FIG. 6. The same plots for β = 0.95 and η = 0.99/[2(1 − β)].
is bifurcated from that of the Schwarzschild solution with the constant scalar field in the Einstein-scalar-GB theory.
One thing which we have neglected in our analysis is the coupling of the scalar field perturbation to the metric
perturbations. It would be necessary to clarify whether the analysis including the metric perturbations could modify
the results obtained in this paper or not. As we mentioned in Sec. II B, on the background of the Schwarzschild
spacetime and the constant scalar field, i.e., φ′0 = 0, the master equation for the radial perturbation agreed with the
equation of the scalar field perturbation without the metric perturbations in the ordinary scalar-tensor and Einstein-
scalar-GB theories [22]. In our analysis, although we have finally taken the limit to the φ0 = 0 solution, at the
intermediate step to estimate the ratios φ′′0/φ
′
0 and φ0/φ
′
0, we have employed the general solution of the equation
of φ0(r). Thus, before the limit to the φ0 = 0 solution is taken, the background scalar field φ0(r) has a nontrivial
profile, i.e., φ′0(r) 6= 0, and hence there would be nontrivial couplings of the scalar field perturbation to the metric
perturbations, if the metric perturbations are taken into consideration from the beginning. Although we expect that
these couplings would vanish or be subleading in the limit to the φ0 = 0 solution, we should explicitly confirm this
by including the metric perturbations in our analysis, which would be left for the future studies.
Before closing this paper, we would like to mention the recent works that studied the compatibility of the conditions
for spontaneous scalarization with cosmology in the context of the Einstein-scalar-GB theory. The authors of Ref.
[39] argued that the scalar field φ in the Einstein-scalar-GB theory with the quadratic coupling exhibits a catastrophic
instability during inflation for the value of the coupling constant relevant for spontaneous scalarization of a BH, by
assuming that φ is produced quantum mechanically. The authors of Ref. [40] investigated whether the scalar field
exhibiting spontaneous scalarization of a BH is subdominant in the late-time cosmology, compatible with the recent
observational constraints from the measurements of GWs [41], and argued that a mild tuning of initial conditions is
necessary. The same issue may exist also for the Horndeski theory discussed in this paper. Since the purpose of our
study was the classification of scalar-tensor theories which are largely different from GR and the theories discussed in
this paper were derived in the context of BH physics, however, such theories may not be relevant on the cosmological
scales. Their implications to cosmology in the early- and late-time universe would be left for future studies.
There will also be several extensions of the present work. One of them is to construct the explicit hairy BH solutions,
which may be the end point of the tachyonic instability. It will also be interesting to extend the present analysis to
the more general scalar-tensor theories such as GLPV [5, 42] and DHOST theories [6, 9]. We hope to come back to
these issues in future publications.
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FIG. 7. By setting M = 1 and α = 1, in the (β, η)-plane the critical curve below which the regular solution S for Eq. (105)
exists is shown in red. The blue curve corresponds to the values of η given by Eq. (101), above which hyperbolicity is broken
in the vicinity of the event horizon. The green curve represents the critical value of η, above which hyperbolicity is broken at a
finite radius outside the event horizon where φ′0(r) = 0, even if it is satisfied in the vicinity of the event horizon (see Fig. 6 as an
example). For the solutions located in the right region surrounded by these red, blue and green curves, the radial perturbation
about the Schwarzschild solution satisfies the hyperbolicity, while the stability of the Schwarzschild solution is not ensured,
since there is no regular S satisfying Eq. (105) and Ueff would accommodate negative energy eigenmodes with ω
2 < 0.
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